The resource theory of thermal operations explains the state transformations that are possible in a very specific thermodynamic setting: there is only one thermal bath, auxiliary systems can only be in the corresponding thermal state (free states), and the interaction must commute with the free Hamiltonian (free operation). In this paper we study the mildest deviation: the reservoir particles are subject to inhomogeneities, either in the local temperature (introducing resource states) or in the local Hamiltonian (generating a resource operation). For small inhomogeneities, the two models generate the same channel and thus the same state transformations. However, their thermodynamics is significantly different when it comes to work generation or to the interpretation of the "second laws of thermal operations".
I. INTRODUCTION
Foundationally, thermodynamics is a theory of states and their transformations. In quantum information science, the same can be said for entanglement theory. This analogy was discussed very early [1, 2] , and has later resulted in the development of the broad framework of resource theories. Among those, the resource theory of thermal operations is a formalisation of the thermodynamics of systems in contact with thermal baths [3] [4] [5] . The lack of resources is described by what can be achieved with a single thermal bath at temperature T (because with two different temperatures one can run an engine). Specifically, the free states are the thermal states τ at temperature T , and the free operations U are those that conserve the total energy. Both notions are defined with respect to a reference Hamiltonian, usually taken as H = H S + H R where S indicate the system and R a reservoir of auxiliary systems. Then, thermal states read τ = τ S ⊗ τ R where τ X = e −βH X /Z X , Z X = tr(e −βH X ) and β = 1/k B T . An operation represented by the unitary U is a free operation if
If the system is prepared in the state ρ, a free evolution (i.e. one that can be achieved without resources) is then of the form
The robustness of the framework under modifications of the assumptions has been the object of recent studies [6] [7] [8] [9] . In this paper, we look at what is arguably the mildest form of deviation: an inhomogeneous reservoir. This is a reservoir made of a large number N of systems, whose local parameters deviate randomly from those that would define an exact thermal operation. For this first study, we shall focus on inhomogeneities either in local temperature or in the local Hamiltonian.
II. THE MODEL A. Introducing inhomogeneities
The system is a qudit, and the reservoir consists of N qudits labelled by r ∈ {1, 2, ..., N }. We work with a Hamiltonian of non-interacting systems
where g 0 > 0, the g r will be discussed later, and s z is the operator representing the spin in the direction z. For every qudit, the eigenstates of s z for the eigenvalue
is denoted by |j with j ∈ {0, 1, ..., d − 1} -in particular, |0 is the ground state of gs z whenever g > 0.
For simplicity, throughout this work we consider input states of the system ρ = j p j |j j| that are diagonal in the eigenbasis of H S . The qudits of the reservoir are prepared in the thermal state at the local temperature: τ R = r τ r with τ r = e −βrgrsz /Z r . The inhomogeneous reservoir is described by a configuration δ N = (δ 1 , ..., δ N ), where δ r is the inhomogeneity perceived by the r-th qudit of the reservoir. As random variables, we assume that the δ r are independent and identically distributed (i.i.d.) with a distribution G(δ) centered at δ = 0. We consider two cases: that of inhomogeneous temperature defined by β r = β(1 + δ r ) and g r = g 0 ∀r ; (4) and that of inhomogeneous Hamiltonian defined by g r = g 0 (1 + δ r ) and β r = β ∀r . 
where
Clearly
Tr(e −βg 0 sz ) ≡ τ S the thermal state of the system for β.
B. Interaction: collisional model
Now we have to discuss the interaction U . With the aim of bringing out local inhomogeneities, it is convenient to have the system interact sequentially with each reservoir qudit. In other words, U = U S,N U S,N −1 ...U S,1 is going to be the product of successive two-body interactions, each between the system and one of the reservoir qudits. Such collisional models have been used as toy models in several studies of quantum dynamics and thermodynamics, see e.g. [9] [10] [11] [12] . In this paper we assume that all twobody interactions U S,r are given by the partial swap with mixing angle θ:
with S the swap operator for 2 qudits. If g r = g 0 for all r, then U couples only degenerate eigenstates of H and (1) holds. If g r = g 0 , U can be taken effectively independent of the inhomogeneities provided δ 2 g int /g 0 d, where g int is the strength of the interaction (Appendix A 1).
C. Dynamics of the system
In the absence of inhomogeneities (τ r = τ S for all r), the dynamics (2) can be solved analytically for our model. For diagonal input states, the state of the system after interaction with the first r qudits of the reservoir is given by (Appendix A 2)
In particular, the state remains diagonal and converges to the thermal state τ S in the limit N → ∞. Each configuration δ N of the inhomogeneities induces a new map on the system. If the inhomogeneities are frozen, the dynamics (2) defines a contractive map whose fixed point ρ S|∞ is determined by the specific δ N , and there is little more to say. The model is more interesting if δ N is drawn independently for each use of the channel: then we can study the ensemble average over G(δ). The dynamics commutes with this average: for i.i.d. inhomogeneities, the reservoir qudits are all prepared in the ensemble-averaged thermal state
Thus the similarly defined ensemble-averaged state of the system at step r is
For qubits, τ is more mixed that τ S and can be seen as a thermal state for an effective temperature larger than T [13] ; for d > 2, τ won't be thermal in general.
III. WORK
The change of Tr[(H S + H R )ρ SR ] during the dynamics can be identified with work [14]. We focus on the case (5) of inhomogeneous Hamiltonian, because in the case (4) it holds [H S + H R , U ] = 0 and no work is generated during any collision.
A. Work generated in a single collision
We consider first the collision between the system and the r-th reservoir qudit. The work generated during this collision is
z ]. The calculation eventually yields (see Appendix B 1)
As expected by the structure of the partial swap, only the transitions between levels with different values of j generate work. For qubits, Eq. (12) becomes
since p 0 (δ r−1 ) + p 1 (δ r−1 ) = 1 and q 0 (δ r ) + q 1 (δ r ) = 1 for every r. 
B. Ensemble average of single-collision work
Now we compute the ensemble average W r of (12) . One could think that [H S + H R , U ] = 0 implies W r = 0. But this is not the case because the reservoir states also depend on δ N . The actual expression is W r = g 0 sin 2 θ j,j (j − j )p j (δ r−1 ) δ r q j (δ r ), having noticed that δ r−1 and δ r are not correlated. The value of p j (δ r−1 ) can be read from (10) .
To get a more compact expression, we use the Taylor expansion q j (δ) = q j (0) + q j (0)δ + O(δ 2 ) to find
with Σ r ≡ j,j (j − j )p j (δ r−1 )q j (0) and q j (0) = − β g0a
with a = e −β g0 [15] . For qubits, q 0 (0) = −q 1 (0) and so Σ r = q 0 (0) = β g 0 a (1+a) 2 , independent of r and positive.
C. Accumulated work and dynamics
Assuming Σ r ≈ Σ for all r and independent of θ, the work accumulated during the N collisions is
This may be kept bounded for all N by choosing a suitable scaling of θ with N . However, the value of θ affects also the dynamics (10): in particular,
where D(ρ, ρ ) = 
The trace distance with the steady state decreases exponentially with c, while the total accumulated work increases linearly with c but remains bounded.
IV. THE "SECOND LAWS OF THERMAL OPERATIONS" AND INHOMOGENEOUS RESERVOIRS
The set of criteria under which a target state ρ can be obtained from ρ by free evolution can be seen as the analog of the second law of thermodynamics. The transformation ρ −→ ρ under free operation does not define a total order: as a result, it cannot be characterised by a single criterion [4] . Brandao and coworkers [16] wrote the second laws of thermal operations as the monotonical decrease
of a continuous family of generalised free energies
defined from the α-Rényi divergence D α (ρ||τ S ). If ρ and τ S are diagonal in the same basis, as we are assuming since the beginning, it holds
with q j = e −βEj /Z S the eigenvalues of τ S . The conditions (18) are necessary and sufficient for free evolution. Since inhomogeneous reservoirs deviate from free dynamics, they should violate these conditions in some cases. The following protocol leads to a violation for all α: prepare the system in the state τ S and let it evolve toτ according to (10) . In this case, Updating the laws (18) to take into account any deviation from free evolution is an open challenge. Our study of inhomogeneous reservoirs may serve as starting point for this task. We first stress that, in our model, the possible state transformations are given by (10) for both inhomogeneous temperature and Hamiltonian. The generalised laws that single out these transformations must therefore be independent of the type of inhomogeneity [17] .
However, their thermodynamical meaning will have to be different. When work is generated and β is unique, thermodynamics requires ∆F 1 ≤ W , which was indeed proved for collisional models [12] . Our model of inhomogeneous Hamiltonian (5) shows that the generalisation ∆F α ≤ W won't hold for α > 1 [18], see Figure 2 . In the case of inhomogeneous temperature (4), work is not generated; and in fact, in this narrative, the laws should not even involve free energies, since the second law of thermodynamics can be cast in terms of free energy only if the system is in contact with a bath at a single temperature. One could opt for reading (4) in the narrative of resource theories, where there is still a single reference temperature β, the τ (δ r ) playing the role of non-thermal (i.e. resource) states. In this context, Ref. [7] defined approximate second laws with free energies F ε α where ε is the maximal distance between a target state reachable with free operation and one reachable with the resource operation. In our case ε = D(τ S , τ ). For an analytical estimate for qubits, we compute the upper bound ε D(τ S , τ (δ)) = 2/πβg 0 
V. CONCLUSION
Extending the resource theory of thermal operations to non-ideal reservoirs is not trivial [6] . In this paper, we have introduced the notion of inhomogeneous reservoirs. Using the most standard collisional model, which fits well the definition of free dynamics in the absence of inhomogeneity, we have studied the two simplest cases of i.i.d. inhomogeneities: either in local temperature (which can be interpreted as having "resource states") or in the local Hamiltonian (which is an instance of "resource operations").
There are clearly many ways in which this study can be extended. Here we have restricted our attention to states of the system that are diagonal in the energy eigenbasis, and it would be worth considering general states of the systems and the role of coherence. Also, even staying within the family of collisional models, one can study different parameters. A standing open problem is the formulation of the rules for state transformation ("second laws") for inhomogeneous reservoirs: this paper has provided only an initial insight on this question.
In our model, a collision can be seen in this framework: the interaction Hamiltonian Hint that generates U is switched on abruptly at t1, then switched off abruptly at t2 = t1 + tint. ThusḢint(t) = Hint[δ(t−t1)−δ(t−t2)]. Noticing that during the interaction HS + HR + Hint is obviously conserved, we find indeed W (t2, t1) = Tr[(ρ(t2)−ρ(t1))(HS +HR)]. But their definition of work is different: they are looking at state transformations catalysed by a twolevel battery (a "work bit") prepared in the thermal state, and W is the value of the gap. In other words, W is a parameter of the state, chosen so that the state transformation becomes possible, and is not related to the time-dependent dynamics (also, its value does not match the "change in energy" of the joint system).
Appendix A: The partial swap
In this appendix, we study the partial swap. We write |jk ≡ |j S |k r where r is a reservoir qudit. The partial swap is U = cos θ I + i sin θ S = (|jk ± |kj ), and Π sym/asym are the projectors on the syymetric and antisymmetric space respectively.
